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Abstract: 

In this paper, we have proved some fixed point theorems in respect of contractive type mappings over a 2-Banach space. 
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I. Introduction: 

Theory of 2-Banach spaces was investigated by S. Gahler and 

K. Iseki who had proved some fixed po int theorems in 2-

Banach spaces.  Y.J. Cho, N. Huang and X. Long proved 

some fixed point theorems for nonlinear mappings in  2-

Banach spaces.  M.S. Khan and M.D. Khan worked for 

Involutions with fixed points in 2-Banach spaces.  Now we are 

proving another common fixed point theorems in 2-Banach 

space, by working with a Contractive type mappings. 

 

II. Fixed Point Theorems 

Definition 2.1  Let X be a real linear space and       be a 

non-negative real valued function defined on X satisfy the 

following conditions: 

(i)         if and only if x and y are linearly 

dependent. 

(ii)             for all         
(iii)                ,   being real and for all 

        
(iv)                     for all           

then       is called a 2-norm and the pair (X,      ) is called a 

linear 2-normed space.  

So a 2-norm       always satisfies                 for 

all        and all scalars  . 

 

Definition 2.2  A sequence      in a linear 2-normed space 

(X,      ) is said to be a Cauchy sequence if there exists 

                 such that   and   are linearly independent 

and         
            for all   in X. 

 

Definition 2.3  A sequence      in a 2-normed space (X, 
     ) is said to be a convergent if  there is a point x in X such 

that       
           for all   in X.  If      converges 

to  , we write        as      
 

Definition 2.4 A linear 2-normed space is in which every 

Cauchy sequence is convergent is called a 2-Banach space. 

 

Definition 2.5 Let       be a sequence of real constants and 
      
 
      If the sequence      converges to S, then we 

associate the number S with the series    
 
    as its sum.  It 

may happen that      is not convergent but the sequence 
     converges to L (say) as     where                             

     
            

     
                                        ...... (1)  

 

Now we consider the number L as a conventional sum of the 

series    
 
    (or) the conventional limit of the sequence 

    . 
 

Definition 2.6   Let      be a sequence of real numbers , if      
converges to L, then      is said to be summable by Cesaro 

means of the first order or (C,1) to L.  If the series    
 
   , its 

partial sums    and the sequence      is summable (C,1) to L, 

then the series    
 
    is said to summable (C,1) and L is said 

to be its (C,1) sum.  If a  sequence      is convergent to S, then 

it is summable (C,1) to S. 

 

Theorem 2.7 Let X be a complete 2-Banach space and 

   
   
  
   
               satisfy   (i) for 

each    
   
     eventually with respect to    

  (ii)   
             

        

  
    is (C,1) summable.   

If      is a sequence of self maps on X satisfying 

                   
   
                          

 
   
                    ...... (2)  

for all       in X,             with       Then      have 

a unique common fixed point in X.  

 

Proof :  For any   in X, let            , n = 1,2, ... with 

    . 

Then                                  

     
   
               

x1 T2x1,a+ 1,2x0 x1,a 

     
   
           

x1 x2,a+ 1,2x0 x1,a 

     
   
           

   
    

x2,a+ 1,2x0 x1,a 

                 
   
   

   
          

Therefore,                                         
x1,a 1,2+ 1,2+ 1,2x1 x2,a 

That is,            
   
              

x1,a 1,2+ 1,2 
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x1,a 

                                                        

  
 
   
  

   

   
   

           

Also,                                  

     
         

      
           

     
         

      
  

         

      
     

x1,a 

In general,               
             

        
  

   
          

                                             =   
             

        
  

   
    

T1(x0),a 

                                
             

        
  

   
    

T1(x0),a                                ...... (3) 

Again,                               

                                                           
                          

                   =                
                
 
    

Therefore,                            
                
 
    

Similarly,                                
 
    

                
 
    

Proceeding like this, for       

                                
   

   
 

                
   

   
    ...... (4) Now by (3),  

                   

   

   

               

                     

    
             

        
  

                    + 

   
             

        
    

                       

=   
             

        
    

             

        
    

      
    +     

T1(x0),xn+p  ................. (5) 

Again,                                           

                                         

T1(x0),x0+γn+p,1x      x0,x0 

                                             

 γ                    

                                         

 γ                    

                             

Put         

Then,                       
        

             

                                                    

       
  

             

        
  

   
               

                                                        

This implies                
    

That is,                                  

Then from (5),                     
   

   
    

Also, from (4) we get,                    
   

   

xn+k+1,a 

              
       γ     

        
 

   

   

             

   

   

 

                                                

    
       γ     

        
 

 

   

   

     

   

           

                                                 

     
             

        
 
 

 
 
 

 
 

                 
     

   
             ...... 

(6) 

Put      
             

        
  

  and     
   
 
   

 
   

Then by (C,1) summability,   
             

        
   

   , we have 

      
    

Hence,           
Without loss of generality let      for all  . 

Then  
  

 
 
 

 
  

 
    

Take the limit as     in (6) we get,               

Thus      is a Cauchy sequence. 

By completeness of X,    converges to   (say) in X. 

That is,             
Therefore, for any positive integer m, 

                         +         
                                     ...... (7) 

Now by (2), 
             
                                                                                          
                                                               

γ                   ...... (8) 

and                                 

                                                         

 γ              

                                                         

Therefore,                                                                                     

...... (9) 

From (7), (8) and (9),                      
                              γ         

u,a+ n,mx    xn,u 

                                      

              γ              

Take the limit as       
                   

                            

             
    γ              

                                              

                                                                                                  

[ since  by (i)] 

As        it follows that                              

Therefore, u is a common fixed  point of     . 
Uniqueness : 

            Suppose   id another common fixed point of     .  
Then,                         

                                    

 γ           

                              γ           

Therefore,            γ           
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Since         γ     ,      

Hence, the fixed point of    is unique.                                                                                      

□           

 

Corollary 2.8 Let X be a complete 2-Banach space and 

                      

satisfy (i) for each            eventually with respect to j 

and (ii)   
      

        
  

    is (C,1) summable.  If      is a 

sequence of self maps on X satisfying 

                                                 

for all       in X,             with       Then      have 

a unique common fixed point in X.                                              

□ 

 

Theorem 2.9 Let X be a complete 2-Banach space and 

           γ                  satisfy (i) for each 

           eventually with respect to   and  

(ii)   
             

        
  

    is (C,1) summable.  

 If      is a sequence of self maps on X such that for a fixed  

positive integer p, satisfying 

     
         

                    
          

  Tj(p)y,a+γi,j        

                                                                                                                                   

...... (10) 

for all       in X,             with       Then      have 

a unique common fixed point in X.  

 

Proof : For any    in X, let      
   
      , n = 1,2, .... 

Then                   
          

           

               
           

x1 T2(p)x1,a+γ1,2x0 x1,a 

                   

x1 x2,a+γ1,2x0 x1,a 

                          
x2,a+γ1,2x0 x1,a 

                γ                   

Therefore,                          γ     

              

That is,                             
x1,a 1,2+γ1,2 

This implies                                γ        

x1,a 

                                                    
         

      
     

x1,a 

Proceeding as in the theorem 2.7,             

  
             

        
  

   
          ...... (11) 

Let     be any integer.   

Then,                                
   
    

                
   
       ...... (12) 

Now,       
                   

            

T1px0,x0 

                                       

 γ                    

                                     

Therefore,       
                            

xn+r,x0 

Put         

Then       
                    

              

                                                      
             

                                               

       
  

             

        
  

   
               

                                                 

which implies                
    

Therefore,                    
   
          

xn,xn+1+xn+r xn+1,xn+2 +..... 

                                                                         

   
             

        
  

         
              + 

                                                               

   
             

        
    

         
                 

                              

=   
             

        
    

             

        
    

      
    +     

T1px0,xn+p   

                            =0. 

Therefore,                    
   
      

Also, from (12) we get,  

                                             
   
    

    
       γ     

        
 

   

   

         

   

   

 

                                             
             

        
  

   
    

     
   

x1,a 

This implies 

                
             

        
 
 

 

 
    

 

         
     
                  

...... (13) 

   Put      
             

        
  

    and     
   
 
   

 
                                   

Then by (C,1) summability,  
             

        
   

   , we have 

      
    

Hence,            
Without loss of generality let      for all  . 

We have,        
  

 
 
 

 
  

 
    

Take the limit as     in (13) we get,               

Thus      is a Cauchy sequence. 

By completeness of X,    converges to some point   in X. 

Then,             
Now for any positive integer m, by (10) we have,  

      
             

            
          

                       
          

 γ              

Taking limit as     we get,  

     
                   

          

                                                                                    

Tmpu,a                    [since by (i) ] 

If        it follows that         
                        

Therefore,     
       

Now,                                                
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 γ               

              

=           
   
                   

   
         

γ               

                

Therefore   ,                

Uniqueness : 

            Let   be another common fixed po int of     .  

Then,            
         

          

           
               

          

 γ           

 γ           

         

                  which is a contradiction.   

Hence,    . 

Therefore, the fixed point is unique.                                                                                       

□ 
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